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Abstract. Silence is a diverse and intangible concept that we learn to
interpret within the context where it appears. Here we show that there
are various knowledge areas that have studied such phenomenon. We
argue that “silence” is a manifestation of intentional communication.
The seventh thesis of the Tractatus of Wittgenstein focuses on linguistic
silence: “Whereof one cannot speak, thereof one must be silent”.

We claim that some well known many-valued logics can be used to in-
terpret the notion of “silence”. So, we introduce a new 5-valued paracon-
sistent logic that we name MS. This logic is genuine and paracomplete,
and has the new value that is called s attempting to model the notion
of “silence”.

MS is a conservative extension of FDEe, a logic proposed by Priest. If one
drops the “implication” connective from MS, one obtains FDEe. If, on the
other hand, one drops the ineffability value from MS one obtains a well
known 4-valued logic introduced by Avron. We present some properties
of this new logic.

Keywords: many-valued logic - silence - ineffability - uncertainty - in-
consistency
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1 Introduction

Silence is a diverse and intangible concept that we learn to interpret within the
context where it appears. Here we show that there are various knowledge areas
that have studied such phenomenon. We argue that “silence” is a manifestation
of intentional communication.

The seventh thesis of the Tractatus is the thesis of linguistic silence.“Whereof
one cannot speak, thereof one must be silent” [56].

There are characterizations of the concept of silence from various branches
of knowledge. For example, the communication literature emphasizes positive
aspects of silence, viewing it as a critical component of social interaction [2].
Scott [49] described silence and speech as two dialectical components of effective
communication.

Silence and absence are at the heart of the process of construction of meanings
as an act of suppression and is necessary to look at such a process, states Achino
[20]. According to Kurzon’s model and taxonomy [33], the silence is defined by
language and points to three types of silence [34]: psychological, interactive, and
socio-cultural. For Bohnet [31], the variants for the interpretation of silence can
be: anonymous and not anonymous, the latter can be with identification and
face-to-face.

For Schroter and Taylor [40], deliberate silence can include: concealment, cen-
sorship, omission, evasion, lying, deception, or metalinguistic comments, other
aspects of silence that are also open for exploration. For Eco [18], the intentional
silence is a sign. Other examples can be found at [21,15,29]. Silence from the
point of view of distributed systems, can be found in [28]. Works related to the
logical interpretation of the consequence of omission (silence) can be found in
(22,24, 26, 25].

Silence is not only found at the limits of words, but also at the limits of
numbers. For instance, when Kasner’s Googol (1 followed by 100 zeros) and
Googolplex (1 followed by a Googol of zeros), and when Cantor’s hierarchy of
transfinite numbers or Alehps are insufficient to enumerate countable infinite
classes, we will be in the paradise of silence.

Is there a logic where we can handle silence? Some Aristotle’s laws do not
apply to all language whatsoever but only to the way of using language that
keeps itself within these strict limits [47]. So, we better move outside classical
logic.

Many-valued logics are recognized as useful in different domains. Belnap
claims that a 4-valued logic is a suitable framework for computerized reasoning
[32]. Avron in [5,4, 6, 3] supports this thesis. He shows that a 4-valued logic nat-
urally expresses true, false, inconsistent or uncertain information. Each of these
concepts is represented by a particular logical value. In some cases, perhaps a
wise attitude regarding inconsistent or uncertain information is to remain silent.
Therefore we explore the idea of considering uncertain information as a first form
of silence. We also explore the idea of considering inconsistent information as a
second form of silence.
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Priest argues in [43] that a 4-valued logic models quite well the four possi-
bilities explained above, but now in the context of Buddhist meta-physics [51].
Hence, we can use 4-valued logic to represent silence.

Priest did a remarkable work by studying in great detail buddhist texts, from
the Pali Canon to the MMK by Nagarjuna, and being able to model their way
of reasoning in terms of modern non-classical logics [43-46]. A main issue is to
represent the notion of ineffability. The fifth value e is then the value of ineffable.
Ineffability is our final notion of silence explored in this paper.

There is a complex but well known phenomenon that often arises when phi-
losophy argues that there are limits to thought/language, and tries to justify
this view by giving reasons as to why there are things about which one cannot
think /talk—in the process appearing to give the lie to the claim. In poetry, we
also find a similar situation: the need to talk about extreme situations, which
somehow we can not talk [10,36]. Currently there is much written in literature
(poetry, stories) and philosophy related to apparently illogical concepts such as
the paradoxical and the ineffable, we enumerate some examples next.

The theory of the two truths began twenty-five centuries ago. It started in
the sixth century BCE India with Siddhartha Gautama, who became a bud-
dha “awakened one” because he understood: the meaning of the two truths and
the reality of all the objects of knowledge is exhaustively comprised of the two
truths. According to the Samadhiraja-sutra, the theory of the two truths is a
contribution made by the Buddha towards Indian philosophy. Nagarjuna, in his
Mulamadhyamakakarika, attributes the two truths to the Buddha as follows: “the
Dharma taught by the buddhas is precisely based on the two truths: a truth of
mundane conventions and a truth of the ultimate” [52]. The theory of the two
truths is the heart of the Buddha’s philosophy according to what the Madhya-
maka philosophers indicate. The knowledge of the ultimate truth informs us of
how things really are ultimately, and thus takes our minds beyond the limits of
conceptual and linguistic conventions [52].

Another example is [13]|, where the author indicates: “My paper will focus
on the ways Woolf disfigures and refigures literature through the image of ruins.
Writing about the paradoxical nature of decay, Woolf captures the ineffable qual-
ity of a time that inexorably passes yet is shaped by surviving reminiscences.”
More evidence is the Strange Loop which is a paradoxical construction, a shift
from one level of abstraction to another that somehow gives rise to a closed,
eternal cycle. The author of [§] indicates that this paradoxical model is preva-
lent in Jorge Luis Borges’s short stories and that we are able to better explore
Borges’s belief in literature’s unique power to create spatiotemporal paradoxes.
In [8], the author also analyzes how Borges creates Strange Loops in impossible
linkages between distinct narrative frames and he also demonstrate how Borges
composes an architectural Strange Loop.

We also can find that formerly, eastern thinkers and western mystics were
keenly aware of the predicative ineffability of the ultimate. Heidegger thought
and wrote about it in terms of different ideas for example “non-truth as the pre-
condition of truth”. In the Chinese side, it is found that Confucius was highly
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sensitive to the problem and gave his own response to it. In [57], the relation be-
tween Heidegger and analytic philosophers on this issue is analyzed, and inquire
comparatively how Heidegger and Confucius recognized the limit of language,
and how this awareness helped them understand the thinking role of the poetry
experience.

On the other hand, the connection between the work of Martin Heidegger
(1889 — 1976) and Chan/Zen Buddhism — a school of Buddhism originating in
China around the 6th Century, is known. In [12], one aspect of that connection
is explored, drawing on the work of the Japanese Zen philosopher Dogen Kigen
(1200 — 1253). Heidegger held that being is ineffable, and Dogen held that ulti-
mate reality is ineffable. More evidence is presented in [19] where one can find:
“The ineffable is after all beyond words, and those who have an ineffable expe-
rience may feel so overwhelmed by the very ineffability of their experience, or
emotion, that they resign themselves to saying nothing”; and “Words will always
be saying too much or too little. .. Oh to be silent! Oh to be a painter!”. Finally,
we can observe that even in the context of the Christian religion, the Bible also
refers to the concept of ineffable in the book of Romans, verse 8.

Despite all the interest in the subject, we can notice that little has been
attempted to formalize these concepts in terms of logic. Priest is concerned
with this phenomenon. According to him, Buddhist philosophy has resources
to address this kind of issue much less present in Western traditions. Buddhist
logicians consider that there are four possibilities: only true, only false, both
true and false, and finally neither true or false. Later developments add a fifth
possibility: ineffability!. Of course, one might be skeptical that such ideas can
be done logically respectable. Priest shows how to accomplish this task with
some tools from contemporary non-classical logic. His work is impeccable, but
as stated earlier, we consider prudent to extend FDEe logic with an “implication”
connective that at least satisfies Modus Ponens.

For the nature of this work is desirable to consider the use of paraconsistent
logics [16]. In addition, recent work on these logics considers also some useful
relatively new properties, namely genuineness and paracompleteness |9, 30,41,
37,6]. Arguments in favor of rejecting the law of non-contradiction have been
supported more recently by the research done on paraconsistent logics and the
applications they have encountered, in particular, in artificial intelligence. Para-
consistent logics accept inconsistencies without presenting the problem that once
a contradiction has been derived, then any proposition follows as a consequence,
as is the case of classical logic.

We will observe that a major issue in our logics of silence is how to define the
“implication” connective. We would like to point out that adding an “implica-
tion” connective to non-classical logics is not always straightforward. Corcoran
has distinguished twelve uses of the term “implies” [14]. There is nothing to pre-
vent “implies” to be interpreted in any conventional way in order to convey any

! As far as the authors know, buddhist texts never talk explicitly about five possi-
bilities, as they actually mention four cases. However, Priest shows that buddhist
narratives assume this sort of incommensurable fifth, see [43-46].
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pragmatical use. We could name it differently, but since we expect it to obey the
Modus Ponens rule of inference, we decided to call it “implication”.

Important remark: This paper does not try to present a particular position
about “silence” as, for instance, the claim given in the Tractatus mentioned
before. The point of the paper is that the notion of “silence” is important to be
studied and modeled using logic.

Our paper is structured as follows. In section 2, we summarize some defini-
tions, logics and semantics necessary to understand this work. Then in section 3,
we present our results. Namely, we introduce the logic MC and some of its prop-
erties. Finally, in section 4 we present some conclusions.

2 Background

Classical logic is a logic that obeys the law of excluded middle (or the principle of
excluded middle) which states that for any proposition, either that proposition
is true (¢) or its negation is true, where in this case we say that the original
proposition is false (f). The law is also known as the law (or principle) of the
excluded third, in Latin principium tertii exclusi. Another Latin designation for
this law is tertium non datur: “no third (possibility) is given”.

In this section, we define a logic from the semantical point of view, partic-
ularly via muti-valued systems, so we present one axiomatic formal system for
logic bl, provided by Avron in [7]. Then, we review the system HBL, a formal
axiomatic theory for bl [5]; and finally we present a summary of some material
from [44] that we need to borrow for the definition of our contribution.

2.1 Multi-valued logics

A way to define a logic is by means of truth values and interpretations. Multi-
valued systems generalize the idea of using the truth tables, employed to de-
termine the validity of formulas in classical logic. It has been suggested that
multi-valued systems should not count as logics; on the other hand pioneers
such as Lukasiewicz considered such multi-valued systems as alternatives to the
classical framework. As other authors, we prefer to give to multi-valued systems
the benefit of doubt about their status as logics. The core of a multi-valued
system is its domain of values D, where some of such values are special and
identified as designated. Connectives (e.g. A, V, —, =) are then introduced as
operators over D according to the particular definition of the logic. An inter-
pretation is a function I: L — D that maps atoms to elements in the domain.
The application of I is then extended to arbitrary formulas by mapping first
the atoms to values in D, and then evaluating the resulting expression in terms
of the connectives of the logic. A formula is said to be a tautology if, for every
possible interpretation, the formula evaluates to a designated value. Given a set
of formulas I', and a formula «, the notation I" = o means that any interpreta-
tion that models all formulas of I" also models «.. The most simple example of a
multi-valued logic is classical logic where: D = {0, 1}, 1 is the unique designated
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value, and connectives are defined through the usual basic truth tables. From
now on, we refer to all multi-valued systems as multi-valued logics.

Not all multi-valued logics must have the four connectives mentioned before,
in fact classical logic can be defined in terms of two of those connectives —,
A (primitive connectives), and the other two (non-primitive) can be defined in
terms of =, A. In case of a logic having the implication connective, it is desirable
that it preserves tautologies, in the sense that if o, — § are tautologies, then
B is also a tautology. This restriction enforces the validity of Modus Ponens in
the logic. The Deduction theorem (in the context of model theory) is another
suitable property, namely: IS E a iff I' E 8 — «.

Objects 0, 1, 2, 3 and 4 are part of the semantics of logics studied in this
paper and were chosen only for convenience, they do not correspond to the
natural numbers.

A logic satisfies the principle of explosion (EFQ) if «,—a E §. A logic is
paraconsistent if it rejects the principle of explosion. A logic satisfies the principle
of non-contradiction (PNC) if = —(a A —a). A logic is genuine if it rejects the
principle of non-contradiction. A logic satisfies the law of excluded middle if
E aV —a. A logic is paracomplete if it rejects the law of excluded middle.

A 3-valued logic is any of several many-valued logic systems with three truth
values indicating true, false and some indeterminate third value. We could say
that this new third valued is neither false nor true (n). The conceptual con-
struction of 3-valued logics and its basic ideas were initially created by Jan
FLukasiewicz and C. I. Lewis. The core of all our 3-valued logics is based on the
following assumptions.

We have 3 values: {0,1,2}. At least we have one designated value which is 2.
It defines a lattice where 0 < 1 and 1 < 2. We use 0,1 and 2 to represent False,
Unknown and True respectively.

The connective V is the Lub, while A is the Glb. Regarding negation (—), we
have =0 = 2, =1 = 1 and -2 = 0. Table 1 presents the truth tables of connectives
V, A, and —.

It is important to remark that most well known 3-valued logics in the liter-
ature share these assumptions.

Kleene and Priest Logic of Paradox (LP). In Kleene strong 3-valued logic,
the third value (1), can be thought of as neither true (2) nor false (0). Notice that
also Lukasiewicz 3-valued logic corresponds to Kleene logic on these operators
and designator values.

On the other hand, in Priest 3-valued logic (LP), this third value (1) is
thought of as both true (2) and false (0). The difference lies on the definition
of tautologies. Where Kleene logic’s only designated truth value is T (2), Priest
logic’s designated truth values are both T (2) and U (1). Notice also that PAC
3-valued logic corresponds to LP on these operators and designator values [7].

LP accepts that we can gave both true and false propositions. We can use the
third value (1) to represent this fact. A major example in Mathematics comes
from set theory. It is known from Russell’s paradox that the first-order axiom-
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vor2  Al012 x|
0or2  0j000 0] 2
Ijr12 1011 11
21222 2{012 2|0

Table 1. Truth tables of connectives V, A, and —.

—k|012 —pl012

01222 011222
11222 11012
21012 21012

Table 2. Truth tables of connectives - and —p .

atization of the naive set theory of Cantor and Frege is inconsistent in classical
logic. More precisely, some “peculiar” sets lead to triviality if the underlying logic
is classical. The most popular of those is the so-called Russell set, R = {z|z & z},
that by the law of excluded middle, one immediately gets an apparent contra-
diction. To handle such a contradictory set, a possible idea is to take the Russell
set just for granted, namely as a set that belongs and does not belong to itself
[35]. It is interesting to note that non-well-founded sets (also called hypersets),
which are no more indispensable for the foundations of Mathematics, have subse-
quently found useful applications in modeling circular phenomena, particularly
in Computer Science [1].

In both logics, material implication can be defined as: X - Y = (-X) VY.
There are many and well known arguments against reading material implica-
tion as any kind of implication [48,14]. In this paper, however, we define the
implication operator as sugested by Avron [7], namely:

X — Y =2 when X is not designated.

X — Y =Y when X is designated.

Since 1 is designated value in logic LP and is not a designated value in Kleene
logic, the table for the implication operator is different in both logics. We denote
with — g the implication operator that we are assigning to Kleene logic. We
denote with — p the implication operator that we are assigning to Priest logic.
As Avron points out, this definition of the implication operator satisfies suitable
structural properties [7]. Table 2 shows both tables.

Logic BL~. This logic is a 4-valued logic with truth values in the domain
D ={0,1,2,3} where 2 and 3 are the designated values [5]. The connectives A
and V, as usually, correspond to the greatest lower bound (GIb) and the least
upper bound (Lub), respectively. The connectives — and — are defined as:

a — B =3 if a is not designated,

a — = if « is designated;

=(0)=3,-(3)=0, 7(a) =aifa=1or a =2

The logic BL~ is induced by the partial order 0 < 1,0 < 2,1 < 3, 2 < 3.
Note that if we consider only the values 0, 1 and 3, we obtain the Kleene’s logic
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while if we take the values 0, 2 and 3 we have the PAC' logic. The Kleene and
PAC logics [7] defined by 3-truth values and which have been studied in detail
are sublogics of BL~.

As A. Avron mentions in [5], BL+ is interlaced 2 and hence satisfies 1A2 = 0
and 1V2=3.

2.2 The system HBL

Let us consider HBL, a formal axiomatic theory for BL~ [5] formed by the prim-
itive logical connectives: -, —, A and V. We also consider one logical connective
defined in terms of the primitive ones:

asf=(a=0)ANB—a)

the well-formed formulas are constructed as usual, the axiom schemas are:

I1a—(8—a) 12 (a = (B—=17) = ((a=p) = (a=7))
I3 ((a = B) = a) = « Cl (aNp)—

C2 (aAB)— C3a— (B—(anp))

D1 a— (aVp) D23 — (aVp)

D3 (a—=7)= ((B—=7v) = (V=) N1-(aVs) < aA-p

N2 -(aAf) + —aV -4 N3 ~—a <«

N4 —(a— )< an-p

and as the only inference rule: Modus Ponens

a a—pf

B

Logic BL~ is sound and complete with respect to this axiomatization.
I' Ex « means that « can be proved in logic X from formulas in I.

Theorem 1. [5/[Soundness and Completeness|

I'bps aifand only if I' =g o

2.3 First Degree Entailment system

This subsection is a summary of some material from [44] that we need to refer
for the definition of our logics.

First Degree Entailment (FDE) is a system of logic defined by Priest that
can be set up in many ways, but one of these is as a 4-valued logic whose values
are t (true only), f (false only), b (both), and n (neither). Negation maps ¢ to
f, vice versa, n to itself, and b to itself. Conjunction is Glb, and disjunction is
Lub. The set of designated values D is {b,t} The four corners of truth and the
FDE logic seem like a correct match. From now on, we will use the four values 0,

2 This means that each one of A, and V is monotonic with respect to both <; and <j

(5]
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1, 2, 3 that correspond to f, n, b, t respectively; this in order to make notation
uniform in terms of previously introduced logics.

FDE can be characterised by the following sound and complete rule system,
where a double line indicates a two-way rule, and overlining indicates discharging

an assumption?:
A B AAB AV B A...C B...C
ANB A(B) c
~(AAB) ~(AV B) A
-AvV-B -AN-B A

Now we move to FDEe, a 5-valued logic that incorporates the notion of
ineffability. According to Priest, technically, the obvious thought is to add a new
value (which in [44] appears as e), 4, to our existing four {0, 1,2, 3}, expressing
this new status.

Since 4 is the status of claims such that neither they nor their negations
should be accepted, it should obviously not be designated. Thus, we still have
that same designated values. Priest addresses the following major question: How
are the connectives going to behave with respect to 47

Both 4 and 1 are the values of things that are, in some sense, neither true
nor false, but they need to behave differently if the two are to represent distinct
alternatives. The simplest suggestion is to take 4 to be such that whenever any
input has the value 4, so does the output: i.e. 4-in/4-out.

The logic that results by modifying FDE in this way is obviously a sub-logic
of it. It is a proper sub-logic. It is not difficult to check that all the rules of FDE
are designation-preserving except the rule for disjunction-introduction, which is
not, as an obvious counter-model shows. However, replace this with the rules:

p(4) C p(4) C p(A) ¥(B) C
AV C —AvC (ANB)VC

where ¢(A) and ¢ (B) are any sentences containing the atoms that occur in A
and B respectively. For example, for rule % if A is the atom a and p(A4) is
a A b then some possible instances of this rule are: aﬁ\ljcc or ng Call these the
¢ Rules, and call this system F'DE,. FDE, is sound and complete with respect

to the semantics [46].

3 Construction of a new 5-valued logic

Going beyond four values (a kind of final frontier) is to accept ineffable propo-
sitions and hence accepting five logical values. It is worth to challenge modern

—~(AVB)
—AvV-B

3 The paper [44] downloaded from the Priest’s home page has a typo. It says:
—-(AVB)
~AA-B "

instead of:
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vp1234  —[01234
001234 0133337
111234 1133337
2122234 2101237
3133334 3101237
4144444 41777727
Table 3. Truth tables of connectives V, — and —.

J
)

=W N = OR
= o N = W

logic to represent the above 5 notions. Priest already did the job. However he
left the “implication” connective out of his approach. We present an alterna-
tive to include such connective in a logic that he proposed. We now present the
construction of our logic in two steps.

The first step defines the core of our logic as follows. We have 5 values:
{0,1,2,3,4}. Make sure that our logic agrees with BL~, in the {0,1,2,3} frag-
ment. Note also that FDEe also uses {0,1,2,3,4}. The designated values are
{2,3} as FDEe. {0,1,2,3} defines a lattice where 0 < 1, 0 < 2, 1 < 3,
2 < 3. The connectives V, A and — should agree with FDEe. Hence, the con-
nective V is the Lub, while A is the Glb. Since 4 is interpreted as ineffable then
X opd=4o0p X =4, where X € {0,1,2,3,4}. With respect to negation (—), we
have -0 = 3, =3 =0, -1 = 1, =2 = 2, =4 = 4. Implication is as defined by Avron
for the subdomain {0, 1,2, 3}, namely: X — Y = 3 when X is not designated,
X #4,Y #4. While X — Y =Y when X is designated, Y # 4. The next two
expressions are yet undefined 4 — X and X — 4 for X in {0, 1,2,3,4}. Table 3
presents the truth tables of connectives vV, — and —.

Notice that the sublogic defined in the subdomain {0, 1,2, 3} corresponds ex-
actly to BL logic. Also the sublogic in the domain {0, 1,2, 3,4} but eliminating
the implication connective corresponds exactly to FDEe.

Now we move to our second step in the construction of our logic. The idea
is the ensure that our logic satisfies a number of suitable properties that satisfy
both FDEe and BL~ logics.

3.1 Owur proposed MS logic

This logic is kind of pragmatic and the connective “implication” is a kind of
metalinguistic connective [14]. We name this logic as MS. This logic is defined
to complies with the tautologies I1-I3, C1-C3, D3, N1-N4 (see section 2.2).
The connective — is defined according to the truth table given in Table 4.

Theorem 2. MS is a paraconsistent, genuine and paracomplete logic.
Proof (sketch). Directly using truth tables.

We can observe that MS satisfies many well known tautologies, as X — X
and De Morgan laws, the standard two implication rules for positive logic among
some of them. Hence, we have the following theorem.
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_>FiveAS’P3‘0 1234

0 33333
1 33333
2 01234
3 01234
4 33333

Table 4. Truth table of connective — in logic MS.

Theorem 3. All axiom shemas of HBL are tautologies in MS logic but Dy and
Ds.

Proof (sketch). The proof is direct by checking the truth tables of MS.
Theorem 4. MS satisfies:

1. Modus Ponens, the Deduction theorem and Hypothetical Sylogism.
2. All inference rules of FDFe.

Proof (sketch). (case 1) They are proven by contradiction using truth tables.
(case 2) They are proven by construction, since the three logics behave as logic
FDEe regarding the connectives A, V and —, and that logic satisfies such inference
rules.

Note that MS is different from the 3 logics proposed in [39]. We consider
this logic potentially useful to model different forms of silence. Value (1), can
be thought of as neither true (3) nor false (0). Hence it interprets silence as
uncertainty. In some cases, a wise attitude regarding uncertain information is to
remain silent. Value (2), can be thought as both true (3) and false (0). Hence
it interprets silence as inconsistency. A wise attitude regarding inconsistent in-
formation, in certain situations, is to remain silent. Value (4), can be thought
as ineffability. Hence it interprets silence directly as ineffability. Again, in some
cases, a wise attitude regarding ineffability is to remain silent.

4 Conclusions and future work

4.1 Conclusions

Silence is a concept that has been studied from diverse perspectives, but remains
elusive of a formal approach. Here, a new formulation is offered.

The proposed 5-valued paraconsistent logic allows to handle at least three
situation where silence can occur. This expands the possibilities of reasoning
with such logic. For instance, a possible application can be in the legal domain
where often those involved in a case decide to remain silent.

Being consistent with Wittgenstein, beyond the artifices to name the cardi-
nality of the infinitely large and the infinitely small is the paradise of silence.
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4.2 Future work

We would like to explore the use of the proposed 5-valued logic on a test set, to
evaluate its utility. One possibility is to apply it on puzzles, as in [22, 26].

Other possible future work could be related to language applications, for
example, in dialogues or when we cannot or do not want to make a judgment
that is equivalent to holding that a statement is true (yes) or false (no). We could
prefer a third option as to shut up with the possibility that whoever resorts to
silence has the intention of sending, veiled, an affirmation or a denial depending
on the context. So a simplified 3-valued logic could also be formalized, resembling
Kleene’s 3-Valued Logic.
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